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BIHARMONIC FUNCTIONS ON THE
CLASSICAL COMPACT SIMPLE LIE GROUPS
SIGMUNDUR GUDMUNDSSON, STEFANO MONTALDO AND ANDREA RATTO
Abstract. The main aim of this work is to construct several new fam-
ilies of proper biharmonic functions defined on open subsets of the clas-
sical compact simple Lie groups SU(n), SO(n) and Sp(n). We work in
a geometric setting which connects our study with the theory of sub-
mersive harmonic morphisms. We develop a general duality principle
and use this to interpret our new examples on the Euclidean sphere S3
and on the hyperbolic space H3.
1. Introduction
To illustrate the main theme of this paper, let us first consider a collection
of rather simple functions fn : C
∗ → C. Here n is a natural number, C∗ is
the punctured plane of non-zero complex numbers and
fn(z) =
(z
z¯
)n
. (1.1)
Further let ∆ denote the standard Laplace operator in the Euclidean plane
C and r be a positive integer. Then it is not difficult to prove by induction
the following interesting formula:
(∆rfn)(z) =
(
− 4|z|2
)r( r∏
k=1
(n2 − (k − 1)2)
)
fn(z). (1.2)
Here ∆r is the iterated Laplacian given by ∆r = ∆(∆(r−1)) and ∆0f = f .
As a direct consequence of equation (1.2), we have the following result.
Proposition 1.1. Let n be a natural number and the function fn : C
∗ →
C be defined as in (1.1). Then fn is a proper r-harmonic function (i.e.
∆rfn = 0 and ∆
r−1fn 6= 0) if and only if r = n+ 1.
The literature on biharmonic functions is vast, but usually the domains
are either surfaces or open subsets of flat Euclidean space. In this paper
we construct the first proper biharmonic functions from open subsets of the
classical compact simple Lie groups SU(n), SO(n) and Sp(n), equipped
with their standard biinvariant Riemannian metrics.
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It is a well-known fact that the matrix coefficients of any finite-dimensional
irreducible representation of a compact semi-simple Lie group are eigenfunc-
tions of the corresponding Laplace-Beltrami operator. For this see [11] or
Proposition 5.28 of [12].
In Theorems 4.2, 5.2 and 6.2 we produce a large collection of complex-
valued biharmonic functions on open subsets of SU(n), SO(n) and Sp(n)
respectively. They are all quotients of linear combinations of the matrix
coefficients for the standard irreducible representation of the corresponding
group. In Theorem 7.2 we then construct solutions which are quotients of
2× 2 determinants from the matrix of the same representation of SU(n).
Our investigation into the special orthogonal group SO(4) produces some
new examples of proper biharmonic functions on open subsets of the 3-
dimensional round sphere S3. The existence of proper biharmonic functions
on 3-dimensional space forms was already studied in [4], where the radially
symmetric examples were constructed. In Theorem 8.1 we develop a general
duality principle which we use to construct new proper biharmonic functions
on the non-compact 3-dimensional hyperbolic space H3.
We conclude the paper with a short appendix providing a complementary
approach that hopefully will be useful to implement our calculations by
means of some suitable software.
2. Proper r-harmonic functions
Let (M,g) be a smooth manifold equipped with a semi-Riemannian met-
ric g. We complexify the tangent bundle TM of M to TCM and extend the
metric g to a complex-bilinear form on TCM . Then the gradient ∇f of a
complex-valued function f : (M,g) → C is a section of TCM . In this situa-
tion, the well-known linear Laplace-Beltrami operator (alt. tension field) τ
on (M,g) acts on f as follows
τ(f) = div(∇f) = 1√|g| ∂∂xj
(
gij
√
|g| ∂f
∂xi
)
.
For two complex-valued functions f, h : (M,g) → C we have the following
well-known relation
τ(fh) = τ(f)h+ 2κ(f, h) + f τ(h),
where the conformality operator κ is given by
κ(f, h) = g(∇f,∇h).
For a positive integer r, the iterated Laplace-Beltrami operator τ r is defined
by
τ0(f) = f, τ r(f) = τ(τ (r−1)(f)).
Definition 2.1. For a positive integer r, we say that a complex-valued
function f : (M,g)→ C is
(a) r-harmonic if τ r(f) = 0,
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(b) proper r-harmonic if τ r(f) = 0 and τ (r−1)(f) does not vanish iden-
tically.
It should be noted that the harmonic functions are exactly the 1-harmonic
and the biharmonic functions are the 2-harmonic ones. In some texts, the
r-harmonic functions are also called polyharmonic of order r.
We shall now develop some connections between the theory of r-harmonic
functions and the notion of harmonic morphisms. More specifically, we recall
that a map pi : (Mˆ , gˆ)→ (M,g) between two semi-Riemannian manifolds is
a harmonic morphism if it pulls back germs of harmonic functions to germs
of harmonic functions. The standard reference on this topic is the book [1]
of Baird and Wood. We also recommend the updated online bibliography
[6].
Proposition 2.2. Let pi : (Mˆ, gˆ)→ (M,g) be a submersive harmonic mor-
phism from a semi-Riemannian manifold (Mˆ, gˆ) to a Riemannian manifold
(M,g). Further let f : (M,g)→ C be a smooth function and fˆ : (Mˆ , gˆ)→ C
be the composition fˆ = f ◦ pi. If λ : Mˆ → R+ is the dilation of pi then the
tension field satisfies
τ(f) ◦ pi = λ−2τ(fˆ) and τ r(f) ◦ pi = λ−2τ(λ−2τ (r−1)(fˆ))
for all positive integers r ≥ 2.
Proof. The harmonic morphism pi is a horizontally conformal, harmonic
map, see [5] or [1]. Hence the well-known composition law for the tension
field gives
τ(fˆ) = τ(f ◦ pi)
= trace∇df(dpi, dpi) + df(τ(pi))
= λ2τ(f) ◦ pi + df(τ(pi))
= λ2τ(f) ◦ pi.
For the second statement, set h = τ(f) and hˆ = λ−2 · τ(fˆ). Then hˆ = h ◦ pi
and it follows from the first step that
τ(λ−2τ(fˆ)) = τ(hˆ) = λ2τ(h) ◦ pi = λ2τ2(f) ◦ pi,
or equivalently,
τ2(f) ◦ pi = λ−2τ(λ−2τ(fˆ)).
The rest follows by induction. 
Example 2.3. We equip R4 with its standard Euclidean metric, satisfying
(x, y) = x1y1 + x2y2 + x3y3 + x4y4.
The round 3-dimensional unit sphere S3 in R4 is given by
S
3 = {(x1, x2, x3, x4) ∈ R4| x21 + x22 + x23 + x24 = 1}.
The radial projection pi : R4 \ {0} → S3 with pi : x 7→ x/|x| is a well-known
harmonic morphism and its dilation satisfies λ−2(x) = |x|2. Let p, q ∈ C4 be
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linearly independent, (q, q) = 0, f : W → C be the function defined locally
on S3 with
f(x) =
p1x1 + · · ·+ p4x4
q1x1 + · · ·+ q4x4
and fˆ = f ◦ pi. Then an easy calculation shows that
τ(f) = |x|2∆fˆ = − 2|x|
2(p, q)
(q1x1 + · · · + q4x4)2
and
τ2(f) = |x|2∆(|x|2∆(fˆ)) = 0.
Here ∆ is the tension field on R4 i.e. the classical Laplace operator given by
∆ =
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
+
∂2
∂x24
.
These calculations show that if (p, q) 6= 0 then the local function f : W → C
is proper biharmonic on S3.
Example 2.4. Let R41 be the standard 4-dimensional Minkowski space
equipped with its Lorentzian metric
(x, y)L = −x0y0 + x1y1 + x2y2 + x3y3.
Bounded by the light cone, the open set
U = {x ∈ R41| (x, x)L < 0 and 0 < x0}
contains the 3-dimensional hyperbolic space
H
3 = {(x0, x1, x2, x3) ∈ R41| (x, x)L = −1 and 0 < x0}.
Let pi : U → H3 be the radial projection given by
pi : x 7→ x√−(x, x)L .
This is a harmonic morphism and its dilation satisfies λ−2(x) = −|x|2L, see
[8]. Let p, q ∈ C41 be linearly independent, (q, q)L = 0, f : W → C be the
function defined locally on H3 with
f(x) =
p0x0 + · · ·+ p3x3
q0x0 + · · ·+ q3x3
and fˆ = f ◦ pi. Then
τ(f) = −|x|2Lfˆ =
2|x|2L(p, q)L
(q0x0 + · · ·+ q3x3)2
and
τ2(f) = −|x|2L(−|x|2L(fˆ)) = 0.
Here  is the tension field on R41 i.e. the wave operator of d’Alembert given
by
 = − ∂
2
∂x20
+
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
.
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From this we see that if (p, q)L 6= 0 then f is proper biharmonic. It should
be noted that q ∈ C4 can easily be chosen such that f : H3 → C is globally
defined.
In the sequel, we shall often employ the following immediate consequence
of Proposition 2.2.
Corollary 2.5. Let pi : (Mˆ , gˆ) → (M,g) be a submersive harmonic mor-
phism, from a semi-Riemannian manifold (Mˆ , gˆ) to a Riemannian manifold
(M,g), with constant dilation. Further let f : (M,g)→ C be a smooth func-
tion and fˆ : (Mˆ, gˆ) → C be the composition fˆ = f ◦ pi. Then the following
statements are equivalent
(a) fˆ : (Mˆ , gˆ)→ C is proper r-harmonic,
(b) f : (M,g)→ C is proper r-harmonic.
Proof. It follows from Proposition 2.2 that for any positive integer r we have
τ r(f) ◦ pi = λ−2rτ r(fˆ).
The statement is a direct consequence of these relations. 
Remark 2.6. The special case r = 2 in Corollary 2.5 is partially a conse-
quence of Theorem 3.1 in [14] (see also [13]).
Example 2.7. Let G be a Lie group, K ⊂ H be compact subgroups of G
and k, h, g be their Lie algebras, respectively. Then we have the homogeneous
fibration
pi : G/K → G/H, pi : aK 7→ aH,
with fibres diffeomorphic toH/K. Let m be an Ad(H)-invariant complement
of h in g and p be an Ad(K)-invariant complement of k in h. Then p⊕m is
an Ad(K)-invariant complement of k in g.
Let <,>m be an Ad(H)-invariant scalar product on m inducing a G-
invariant Riemannian metric g on the homogeneous space G/H. Further
let <,>p be an Ad(K)-invariant scalar product on p defining a H-invariant
Riemannian metric g¯ on H/K. Then the orthogonal sum
<,>=<,>m + <,>p
on m⊕p defines aG-invariant Riemannian metric gˆ on G/K. It is well-known
that the homogeneous projection pi : (G/K, gˆ)→ (G/H, g) is a Riemannian
submersion with totally geodesic fibres see [2] or [3]. This implies that pi is
a harmonic morphisms with constant dilation λ ≡ 1.
For this general situation, we have the following important examples from
the special unitary, the special orthogonal and the quaternionic unitary
groups. Here the groups are equipped with their standard biinvariant Rie-
mannian metrics induced by their Killing forms.
SU(n1 + · · ·+ nk)→ SU(n1 + · · ·+ nk)/S(U(n1)× · · · ×U(nk)),
SO(n1 + · · ·+ nk)→ SO(n1 + · · · + nk)/SO(n1)× · · · × SO(nk),
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Sp(n1 + · · ·+ nk)→ Sp(n1 + · · · + nk)/Sp(n1)× · · · × Sp(nk).
By applying Corollary 2.5 to the case SO(4) → SO(4)/SO(3) = S3, we
deduce that the proper biharmonic functions on S3, described in Exam-
ple 2.3, lift to proper biharmonic functions on SO(4).
3. The Riemannian Lie group GLn(C)
Let G be a Lie group with Lie algebra g of left-invariant vector fields on G.
Then a Euclidean scalar product g on g induces a left-invariant Riemann-
ian metric on the group G and turns it into a homogeneous Riemannian
manifold. If Z is a left-invariant vector field on G and f, h : U → C are
two complex-valued functions defined locally on G then the first and second
order derivatives satisfy
Z(f)(p) =
d
ds
[f(p · exp(sZ))]∣∣
s=0
, (3.1)
Z2(f)(p) =
d2
ds2
[f(p · exp(sZ))]∣∣
s=0
. (3.2)
Further, assume that G is a subgroup of the complex general linear group
GLn(C) equipped with its standard Riemannian metric. This is induced by
the Euclidean scalar product on the Lie algebra gln(C) given by
g(Z,W ) = Re traceZW ∗.
Employing the Koszul formula for the Levi-Civita connection ∇ onGLn(C),
we see that
g(∇ZZ,W ) = g([W,Z], Z)
= Re trace(WZ − ZW )Zt
= Re traceW (ZZt − ZtZ)t
= g([Z,Zt],W ).
Let [Z,Zt]g be the orthogonal projection of the bracket [Z,Z
t] onto the
subalgebra g of gln(C). Then the above calculations shows that
∇ZZ = [Z,Zt]g.
This implies that the tension field τ(f) and the conformality operator κ(f, h)
are given by
τ(f) =
∑
Z∈B
Z2(f)− [Z,Zt]g(f) and κ(f, h) =
∑
Z∈B
Z(f)Z(h), (3.3)
where B is any orthonormal basis for the Lie algebra g.
Remark 3.1. For 1 ≤ i, j ≤ n we shall denote by Eij the element of gln(R)
satisfying
(Eij)kl = δikδjl
and by Dt the diagonal matrices
Dt = Ett.
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For 1 ≤ r < s ≤ n let Xrs and Yrs be the matrices satisfying
Xrs =
1√
2
(Ers + Esr), Yrs =
1√
2
(Ers − Esr).
4. The special unitary group SU(n)
In this section we construct proper biharmonic functions on open subsets
of the special unitary group SU(n). They are quotients of first order homo-
geneous polynomials in the matrix coefficients of the standard n-dimensional
representation pi1 of SU(n). The unitary group U(n) is the compact sub-
group of GLn(C) given by
U(n) = {z ∈ GLn(C)| z · z∗ = In},
with its standard matrix representation
z =


z11 z12 · · · z1n
z21 z22 · · · z2n
...
...
. . .
...
zn1 zn1 · · · znn

 .
The circle group S1 = {eiθ ∈ C| θ ∈ R} acts on the unitary group U(n) by
multiplication
(eiθ, z) 7→ eiθz
and the orbit space of this action is the special unitary group
SU(n) = {z ∈ U(n)| det z = 1}.
The natural projection pi : U(n) → SU(n) is a harmonic morphism with
contant dilation λ ≡ 1.
The Lie algebra u(n) of the unitary group U(n) satisfies
u(n) = {Z ∈ Cn×n| Z + Z∗ = 0}
and for this we have the canonical orthonormal basis
{Yrs, iXrs| 1 ≤ r < s ≤ n} ∪ {iDt| t = 1, . . . , n}.
Now, by means of a direct computation based on (3.1), (3.2) and (3.3), we
have the following basic result, see [9].
Note that from now on we shall use latin indices for rows and greek indices
for columns.
Lemma 4.1. For 1 ≤ j, α ≤ n, let zjα : U(n) → C be the complex-valued
matrix coefficients of the standard representation of U(n) given by
zjα : z 7→ ej · z · etα,
where {e1, . . . , en} is the canonical basis for Cn. Then the following relations
hold
τ(zjα) = −n · zjα and κ(zjα, zkβ) = −zkαzjβ. (4.1)
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We can now state our first construction of complex-valued biharmonic
functions.
Theorem 4.2. Let p, q ∈ Cn be linearly independent and P,Q : U(n) → C
be the complex-valued functions on the unitary group given by
P (z) =
∑
j
pjzjα and Q(z) =
∑
k
qkzkβ.
Further, let the rational function f(z) = P (z)/Q(z) be defined on the open
and dense subset WQ = {z ∈ U(n)| Q(z) 6= 0} of the unitary group. Then
the following is true.
(a) The function f is harmonic if and only if α = β.
(b) The function f is proper biharmonic if and only if α 6= β.
The corresponding statements hold for the function induced on SU(n).
Proof. It is easily seen that for a general quotient f = P/Q we have
Q3τ(f) = Q2τ(P )− 2Qκ(P,Q) + 2Pκ(Q,Q) − PQτ(Q). (4.2)
It follows from Lemma 4.1 that P,Q : U(n) → C are eigenfunctions of the
Laplace-Beltrami operator τ and that κ(Q,Q) = −Q2. This implies
τ(f) = −2f − 2κ(P,Q)Q−2. (4.3)
A simple calculation shows that
κ(P,Q) = −
∑
j,k
pj qk zjβ zkα,
and equation (4.3) tells us that f is harmonic if and only if κ(P,Q) = −PQ.
Since p, q ∈ Cn are linearly independent, this holds if and only if α = β.
If we now assume that α 6= β then, again using Lemma 4.1, we yield
τ(κ(P,Q)) = 2PQ− 2nκ(P,Q),
κ(κ(P,Q), Q−2) = 4κ(P,Q)Q−2, (4.4)
τ(Q−2) = 2(n − 3)Q−2.
We prove statement (b) by computing the bitension field τ2(f) using (4.4).
τ2(f) = −2τ(f)− 2τ(κ(P,Q)Q−2)
= 4f + 4κ(P,Q)Q−2 − 2τ(κ(P,Q)Q−2)
= 4f + 4κ(P,Q)Q−2 − 2τ(κ(P,Q))Q−2
−4κ(κ(P,Q), Q−2)− 2κ(P,Q)τ(Q−2)
= 4f − 4f + (4 + 4n− 4n− 16 + 12)κ(P,Q)Q−2
= 0.
The last statement of the theorem is a simple consequence of the fact that
the function f is invariant under the action of S1 on U(n). 
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Example 4.3. As a special case of Theorem 4.2, let us assume that n = 2
and consider the proper biharmonic function f defined locally on U(2) by
f(z) =
z11
z22
.
This function is invariant under multiplication by eiθ on U(2) so it induces a
proper biharmonic function defined locally on SU(2). It is well-known that
SU(2) is, up to a constant multiple of the metric, isometric to S3 as the Lie
group of unit quaternions via
(z, w) ∈ S3 7→
[
z w
−w¯ z¯
]
=
[
x1 + ix2 x3 + ix4
−x3 + ix4 x1 − ix2
]
∈ SU(2).
If we write the function f in terms of (z, w) = (x1 + ix2, x3 + ix4) we get
f(x1, x2, x3, x5) = f(z, w) =
z
z¯
=
x1 + ix2
x1 − ix2 =
x21 − x22
x21 + x
2
2
+ i
2x1x2
x21 + x
2
2
.
It should be noted that f is exactly the function which we obtained in
Example 2.3 by choosing p = (1, i, 0, 0) and q = (1,−i, 0, 0).
5. The special orthogonal group SO(n)
In this section we construct proper biharmonic functions on open subsets
of the special orthogonal group SO(n). They are quotients of first order
homogeneous polynomials in the matrix coefficients of its standard repre-
sentation. The Lie group SO(n) is the subgroup of GLn(R) given by
SO(n) = {x ∈ GLn(R) | x · xt = In, detx = 1}.
Its Lie algebra so(n) is the set of skew-symmetric matrices
so(n) = {X ∈ gln(R)| X +Xt = 0}
and for this we have the canonical orthonormal basis
{Yrs| 1 ≤ r < s ≤ n}.
For the special orthogonal group we have the following basic result, see
[9].
Lemma 5.1. For 1 ≤ j, α ≤ n, let xjα : SO(n) → R be the real-valued
matrix coefficients of the standard representation of SO(n) given by
xjα : x 7→ ej · x · etα,
where {e1, . . . , en} is the canonical basis for Rn. Then the following relations
hold
τ(xjα) = −(n− 1)
2
· xjα,
κ(xjα, xkβ) = −1
2
· (xkαxjβ − δkjδαβ).
The next result describes our construction of complex-valued biharmonic
functions from open subsets of SO(n).
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Theorem 5.2. Let p, q ∈ Cn be linearly independent and P,Q : SO(n)→ C
be the complex-valued functions on the special orthogonal group given by
P (x) =
∑
j
pjxjα, Q(x) =
∑
k
qkxkβ.
Further, let the rational function f(x) = P (x)/Q(x) be defined on the open
and dense subset WQ = {x ∈ SO(n)| Q(x) 6= 0} of the special orthogonal
group. The function f is harmonic if and only if α = β, (q, q) = 0 and
(p, q) = 0. It is proper biharmonic if and only if
(a) α = β, (q, q) = 0, (p, q) 6= 0 and n = 4, or
(b) α 6= β, (q, q) = 0 and (p, q) = 0.
Proof. First we note that P,Q : SO(n) → C are eigenfunctions of the
Laplace-Beltrami operator τ and so the general relation (4.2) simplifies to
Q3τ(f) = 2Pκ(Q,Q) − 2Qκ(P,Q).
We first consider the case when α = β. Then Lemma 5.1 gives
κ(Q,Q) =
1
2
((q, q) −Q2) and κ(P,Q) = 1
2
((p, q)− PQ),
hence
τ(f) = (q, q)PQ−3 − (p, q)Q−2.
This implies that if α = β then f is harmonic if and only if (q, q) = 0 and
(p, q) = 0. A simple calculation shows that
τ(Q−2) = (n− 4)Q−2 + 3(q, q)Q−4,
τ(Q−3) =
3
2
(n− 5)Q−3 + 6(q, q)Q−5 (5.1)
κ(P,Q−3) =
3
2
PQ−3 − 3
2
(p, q)Q−4.
This leads us to
τ2(f) = (q, q)τ(PQ−3)− (p, q)τ(Q−2) (5.2)
= (q, q)(τ(P )Q−3 + 2κ(P,Q−3) + Pτ(Q−3))− (p, q)τ(Q−2)
= −6(p, q)(q, q)Q−4 − (p, q)(n − 4)Q−2
+6(q, q)2PQ−5 + (q, q)(n − 4)PQ−3.
An inspection of (5.2), using the fact that the right-hand side is the sum of
terms which are not homogeneous, enables us to conclude that τ2(f) = 0
and τ(f) 6= 0 if and only if (q, q) = 0, (p, q) 6= 0 and n = 4.
Let us now assume that α 6= β. Then we apply Lemma 5.1 and obtain
the following
κ(Q,Q) =
1
2
((q, q)−Q2),
κ(P,Q) = −1
2
(
∑
j
pjxjβ)(
∑
k
qkxkα),
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τ(κ(P,Q)) =
1
2
PQ− (n− 1)κ(P,Q), (5.3)
κ(κ(P,Q), Q−2) = 2κ(P,Q)Q−2 + (p, q)
1
2
(
∑
k
qkxkα)Q
−3,
τ(Q−2) = (n− 4)Q−2.
The tension field
τ(f) = (q, q)PQ−3 − f − 2κ(P,Q)Q−2
does not vanish identically since since p and q are linearly independent, so
f is not harmonic in this case. Now we use (5.3) and compute
τ(f) + 2τ(κ(P,Q)Q−2)
= (q, q)PQ−3 − f − 2κ(P,Q)Q−2 + 2τ(κ(P,Q))Q−2
+2κ(P,Q)τ(Q−2) + 4κ(κ(P,Q), Q−2)
= (q, q)PQ−3 − P
Q
− 2κ(P,Q)Q−2 + 2
[
1
2
PQ− (n− 1)κ(P,Q)
]
Q−2
+2(n− 4)κ(P,Q)Q−2 + 8κ(P,Q)Q−2 + 2(p, q) (
∑
k
qkxkα)Q
−3
= (q, q)PQ−3 + 2(p, q) (
∑
k
qkxkα)Q
−3
Taking (5.1) and (5.3) into account, it follows that
τ2(f) = (q, q)τ(PQ−3)− (q, q)PQ−3 − 2(p, q) (
∑
k
qkxkα)Q
−3
= (q, q)[τ(P )Q−3 + 2κ(P,Q−3) + Pτ(Q−3)]
−(q, q)PQ−3 − 2(p, q) (
∑
k
qkxkα)Q
−3
= (q, q)[(n − 8)PQ−3 − 6κ(P,Q)Q−4 + 6(q, q)PQ−5]
−2(p, q) (
∑
k
qkxkα)Q
−3
=
1
Q5
{(q, q)[(n − 8)PQ2 − 6κ(P,Q)Q + 6(q, q)P ]
−2(p, q) (
∑
k
qkxkα)Q
2}
Now it is obvious that if (q, q) = 0 and (p, q) = 0 then the bitension field
vanishes. Since the only polynomial of degree one in the numerator of the
last equation is 6(q, q)2P , it is clear that the vanishing of the bitension field
implies (q, q) = 0. From this it is immediate to deduce that also (p, q) = 0,
so the converse is also true. 
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Remark 5.3. We point out that the solutions provided by Theorem 5.2
in the case that α = β and n = 4 are precisely those given at the end of
Example 2.7.
6. The quaternionic unitary group Sp(n)
In this section we construct complex-valued proper biharmonic functions
on open and dense subsets of the quaternionic unitary group Sp(n) i.e. the
intersection of the unitary group U(2n) and the standard representation of
the quaternionic general linear group GLn(H) in C
2n×2n given by
(z + jw) 7→ q =
[
z w
−w¯ z¯
]
.
The Lie algebra sp(n) of Sp(n) satisfies
sp(n) = {
[
Z W
−W¯ Z¯
]
∈ C2n×2n | Z∗ + Z = 0, W t −W = 0}
and for this we have the standard orthonormal basis which is the union of
the following three sets
{ 1√
2
[
Yrs 0
0 Yrs
]
,
1√
2
[
iXrs 0
0 −iXrs
]
| 1 ≤ r < s ≤ n},
{ 1√
2
[
0 iXrs
iXrs 0
]
,
1√
2
[
0 Xrs
−Xrs 0
]
| 1 ≤ r < s ≤ n},
{ 1√
2
[
iDt 0
0 −iDt
]
,
1√
2
[
0 iDt
iDt 0
]
,
1√
2
[
0 Dt
−Dt 0
]
| 1 ≤ t ≤ n}.
For the quaternionic unitary group Sp(n) we have the following basic
result, which is an improvement of Lemma 6.1 of [9].
Lemma 6.1. For 1 ≤ j, k, α, β ≤ n, let zjα, wkβ : Sp(n)→ C be the complex
valued matrix coefficients of the standard representation of Sp(n) given by
zjα : q 7→ ej · q · etα, wkβ : q 7→ ek · q · etn+β,
where {e1, . . . , e2n} is the canonical basis for C2n. Then the following rela-
tions hold
τ(zjα) = −2n+ 1
2
· zjα, τ(wkβ) = −2n+ 1
2
· wkβ,
κ(zjα, zkβ) = −1
2
· zkαzjβ, κ(wjα, wkβ) = −1
2
· wkαwjβ,
κ(zjα, wkβ) = −1
2
· zkαwjβ.
Proof. The first four relations were proven in [9]. Since the quaternionic
unitary group Sp(n) is a subgroup of U(2n), a generic element[
z w
−w¯ z¯
]
∈ Sp(n)
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satisfies[
z w
−w¯ z¯
] [
z∗ −wt
w∗ zt
]
=
[
zz∗ + ww∗ wzt − zwt
z¯w∗ − w¯z∗ z¯zt + w¯wt
]
=
[
In 0
0 In
]
.
The equation wzt − zwt = 0 shows that the formula
κ(zjα, wkβ) = −1
2
· [zkαwjβ − δαβ · n∑
τ=1
(zjτwkτ − zkτwjτ )
]
,
from Lemma 6.1 of [9], simplifies to
κ(zjα, wkβ) = −1
2
· zkαwjβ.

In the spirit of the previous sections, we now look for proper biharmonic
functions of the type f = P/Q, where P and Q are suitable homogeneous
polynomials.
Theorem 6.2. Let p, q ∈ C2n be linearly independent and P,Q : Sp(n)→ C
be the complex-valued functions on the quaternionic unitary group defined
by
P (z, w) =
∑
j
(pjzjα + pn+jwjα) and Q(z, w) =
∑
k
(qkzkβ + qn+kwkβ).
Further, let the rational function f(z, w) = P (z, w)/Q(z, w) be defined on
the open and dense subset WQ = {z + jw ∈ Sp(n)| Q(z, w) 6= 0} of the
quaternionic unitary group.
(a) The function f is harmonic if and only if α = β.
(b) The function f is proper biharmonic if and only if α 6= β.
Proof. It follows from Lemma 6.1 that P,Q : U(n) → C are eigenfunctions
of the Laplace-Beltrami operator τ and that κ(Q,Q) = −Q2/2. Then we
deduce from the general formula (4.2) that
τ(f) = −f − 2κ(P,Q)Q−2. (6.1)
Again applying Lemma 6.1, we obtain
κ(P,Q) = −1
2
∑
j,k
(pjzjβ + pn+jwjβ)(qkzkα + qn+kwkα). (6.2)
Equation (6.1) tells us that f is harmonic if and only if κ(P,Q) = −PQ/2.
It now follows from (6.2) that this is true if and only if α = β.
For the case α 6= β, a standard calculation, employing Lemma 6.1, yields
τ(Q−2) = 2(n− 1)Q−2,
τ(κ(P,Q)) =
1
2
PQ− (2n + 1)κ(P,Q), (6.3)
κ(κ(P,Q), Q−2) = 2κ(P,Q)Q−2.
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Finally, by using (6.3), we obtain the stated result. More precisely,
τ2(f) = −τ(f)− 2τ(κ(P,Q)Q−2)
= f + 2κ(P,Q)Q−2 − 2τ(κ(P,Q)Q−2)
= f + 2κ(P,Q)Q−2 − 2τ(κ(P,Q))Q−2
−2κ(P,Q)τ(Q−2)− 4κ(κ(P,Q), Q−2)
= f + 2κ(P,Q)Q−2 − f + 2(2n + 1)κ(P,Q)Q−2
−4(n − 1)κ(P,Q)Q−2 − 8κ(P,Q)Q−2
= (2 + 4n+ 2− 4n+ 4− 8)κ(P,Q)Q−2
= 0.

7. The special unitary group SU(n) revisited
In this section we construct proper biharmonic functions on open subsets
of the special unitary group SU(n). They are quotients of 2×2 determinants
from the matrix for the standard representation of SU(n). For this purpose,
we first establish the following result of independent interest.
Proposition 7.1. Let dk be a k × k determinant from the generic element
of U(n). Then
τ(dk) = −k(n− k + 1)dk. (7.1)
Proof. We shall use the formula which gives the tension field of a product.
More precisely, let
f =
k∏
i=1
fi .
Then
τ(f) =
k∑
j=1

τ(fj) k∏
i 6=j; i=1
fi

+ 2 k∑
j<ℓ; j,ℓ=1

κ(fj , fℓ) k∏
i 6=j, i 6=ℓ; i=1
fi

 . (7.2)
Next, by renumbering rows and columns if necessary, we observe that it is
not restrictive to assume that both the row and the column indices of dk
range from 1 to k. In particular, we can write
dk =
∑
σ∈Sk
(−1)s(σ) z1 σ(1) · · · zk σ(k) , (7.3)
where Sk is the set of permutations of {1, . . . , k} and s(σ) is the sign of σ.
Now we can compute τ(dk). We apply (7.2) to (7.3): by using (4.1) and the
linearity we easily obtain
τ(dk) = −n k dk +
∑
σ∈Sk
(−1)s(σ)
k∑
j<ℓ;j,ℓ=1

κ(zj σ(j), zℓ σ(ℓ)) k∏
i 6=j,i 6=ℓ; i=1
ziσ(i)

 . (7.4)
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By using (4.1) into (7.4) we have
τ(dk) = −n k dk − 2
∑
σ∈Sk
(−1)s(σ)
k∑
j<ℓ; j,ℓ=1

zj σ(ℓ) zℓ σ(j) k∏
i 6=j, i 6=ℓ; i=1
zi σ(i)

 . (7.5)
Now we commute the order of the sums. Then, observing that (4.1) has pro-
duced a minus sign together with a change of the sign of the corresponding
permutation σ, it is not difficult to deduce that (7.5) becomes
τ(dk) = −n k dk + 2
k∑
j<ℓ; j,ℓ=1

∑
σ∈Sk
(−1)s(σ)
k∏
i=1
zi σ(i)


= −n k dk + 2
k∑
j<ℓ; j,ℓ=1
dk
= −n k dk + 2 k(k − 1)
2
dk ,
from which (7.1) follows immediately. 
We can now state our main result on the quotient of two determinants.
Theorem 7.2. Let P,Q : U(n)→ C be the complex-valued functions on the
unitary group given by the 2× 2 determinants
P (z) = zjαzkβ − zkαzjβ and Q(z) = zrγzsδ − zsγzrδ.
Further let f(z) = P (z)/Q(z) be the rational function defined on the open
and dense subset WQ = {z ∈ U(n)| Q(z) 6= 0} of the unitary group. Then
(a) f is harmonic if and only if (j, k) = (r, s) or (α, β) = (γ, δ).
(b) f is properly biharmonic if and only if (j, k) 6= (r, s) and (α, β) 6=
(γ, δ).
The corresponding statements hold for the functions induced on SU(n).
Proof. First, we need to compute the tension field τ(f). According to Propo-
sition 7.1, P,Q : U(n)→ C are eigenfunctions of the Laplace-Beltrami oper-
ator τ with eigenvalue λ = −2(n−1). Moreover, a simple direct computation
shows that
κ(Q,Q) = −2Q2.
Now, by using (4.2) we deduce that
τ(f) = −4f − 2κ(P,Q)Q−2. (7.6)
Therefore, we now need to write down the explicit expression of κ(P,Q). To
this purpose, we introduce the following notation. We write
djαkβ = zjαzkβ − zjβzkα. (7.7)
In particular, we observe that, according to this notation, we have
P = djαkβ and Q = drγsδ.
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For future reference, we also point out the following general symmetry prop-
erty
djαkβ = −dkαjβ, (7.8)
which of course implies
djαjβ = 0. (7.9)
Now we perform a direct computation
κ(P,Q) = κ(djαkβ, drγsδ) (7.10)
= dkαrβ djγsδ − djαrβ dkγsδ − dkαsβ djγrδ + djαsβ dkγrδ.
We are now in the right position to prove (a). According to (7.6) f is
harmonic if and only if
κ(P,Q) = −2PQ. (7.11)
If we set (j, k) = (r, s) in (7.10), then it is easy using (7.8) and (7.9) to check
that (7.11) holds. Next, if (α, β) = (γ, δ) (7.10) becomes
κ(P,Q) = 2(djαsβ dkαrβ − djαrβ dkαsβ)
which, taking into account the definition (7.7) and computing, gives again
(7.11). In order to prove the converse, a case by case inspection shows that in
all the cases where none of the two conditions (j, k) = (r, s), (α, β) = (γ, δ)
is satisfied, (7.11) does not hold. More precisely, by way of example, assume
that j = r, k 6= s α = γ and β 6= δ. Then the explicit computation gives
κ(P,Q) + 2PQ = zjα(−zjαzkδzsβ + zjαzkβzsδ − zjδzkβzsα
+zjβzkδzsα + zjδzkαzsβ − zjβzkαzsδ)
which does not vanish identically. The other cases are similar, so ending the
proof of (a).
To prove (b) we first introduce the following notation
Kjαkβ,rγsδ = κ(djαkβ , drγsδ).
By using (7.8), it is easy to deduce the following general symmetry properties
Kjαkβ,rγsδ = −Kkαjβ,rγsδ
Kjαkβ,rγsδ = −Kjαkβ,sγrδ
Kjαkβ,jγkδ = −2 djαkβ djγkδ
Kkγsδ,rγsδ = −2 dkγsδ drγsδ
Krαkβ,rγsδ = − dsαrβ dkγrδ − dkαrβ dsγrδ
(7.12)
Now, we proceed to the computation of the bitension field τ2(f). Starting
from (7.6), it is easy to obtain
τ2(f) = −4τ(f)− 2 τ(κ(P,Q))Q−2 (7.13)
−2κ(P,Q) τ(Q−2)− 4κ(κ(P,Q), Q−2).
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Next, using (7.6) and
κ(κ(P,Q), Q−2) = −2Q−3 κ(κ(P,Q), Q) , τ(Q−2) = 4(n− 4)Q−2
we can rewrite (7.13) as follows
Q3 τ2(f) = 16PQ2 + 8(5− n)Qκ(P,Q) (7.14)
−2Qτ(κ(P,Q)) + 8κ(κ(P,Q), Q).
Next, we compute explicitly
κ(κ(P,Q), Q) = −dkγsδKjαrβ,rγsδ + dkγrδKjαsβ,rγsδ (7.15)
−dkαsβKjγrδ,rγsδ + dkαrβ Kjγsδ,rγsδ
+djγsδKkαrβ,rγsδ − djγrδKkαsβ,rγsδ
+djαsβKkγrδ,rγsδ − djαrβKkγsδ,rγsδ.
Now, using the various symmetries i.e. (7.8), (7.9), (7.12), after a long
computation we find that (7.15) takes the following form
κ(κ(P,Q), Q) = − djγsδ dkγrδ drαsβ + djγrδ dkγsδ drαsβ (7.16)
− djγsδ dkαrβ drγsδ + 2 djγrδ dkαsβ drγsδ
−2 djαsβ dkγrδ drγsδ + djαrβ dkγsδ drγsδ
+ djγsδ dkγrδ dsαrβ − djγrδ dkγsδ dsαrβ
+2 djγsδ dkαrβ dsγrδ − djγrδ dkαsβ dsγrδ
+ djαsβ dkγrδ dsγrδ − 2 djαrβ dkγsδ dsγrδ.
Next, we compute the other relevant term
τ(κ(P,Q)) (7.17)
= −4(n− 1)Kjαkβ,rγsδ + 2Kkαrβ,jγsδ − 2Kjαrβ,kγsδ
−2Kkαsβ,jγrδ + 2Kjαsβ,kγrδ
= −4(n− 1)κ(P,Q) + 2Kkαrβ,jγsδ − 2Kjαrβ,kγsδ
−2Kkαsβ,jγrδ + 2Kjαsβ,kγrδ
= −4(n− 1)(djγsδ dkαrβ − djγrδ dkαsβ + djαsβ dkγrδ − djαrβ dkγsδ)
+2(drαjβ dkγsδ − djγsδ drαkβ + djγkδ drαsβ − dkγjδ drαsβ
+drγjδ dkαsβ − djαsβ drγkδ + djαkβ drγsδ − dkαjβ drγsδ
−dsαjβ dkγrδ + djγrδ dsαkβ − djγkδ dsαrβ + dkγjδ dsαrβ
−dsγjδ dkαrβ + djαrβ dsγkδ − djαkβ dsγrδ + dkαjβ dsγrδ).
We then substitute (7.16) and (7.17) into (7.14), which becomes, after a long
but straightforward simplification taking into account the symmetries (7.8)
and (7.9), the following expression
Q3 τ2(f) = 16 dsαrβ (− dsγjδ dkγrδ + djγrδ dsγkδ + dkγjδ dsγrδ). (7.18)
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Finally, a simple direct computation, using the definition (7.7), shows that
the right-hand side of (7.18) vanishes. 
Example 7.3. Let P,Q : U(n+ 4)→ C be the function given by the 2× 2
determinants
P (z) = z11z22 − z12z21 and Q(z) = z33z44 − z34z43.
Further let f(z) = P (z)/Q(z) be defined on the open and dense subset
WQ = {z ∈ U(n+ 4)| Q(z) 6= 0}.
According to Theorem 7.2, f gives rise to a proper biharmonic function
on the special unitary group SU(n + 4). This is clearly invariant under
the action of the subgroup S(U(2) ×U(2) ×U(n)) so it induces a proper
biharmonic function on the complex flag manifold
SU(n+ 4)/S(U(2)×U(2)×U(n))
via the harmonic morphism
pi : SU(n+ 4)→ SU(n+ 4)/S(U(2) ×U(2) ×U(n)).
Note that in the particular case when n = 0 the flag manifold is the complex
Grassmannian SU(4)/S(U(2) ×U(2)).
Remark 7.4. Parts of the computations in the proof of Theorem 7.2 were
carried out and checked by using the software Mathematica. Our result
provides an ample family of new proper biharmonic functions. However, we
point out that, by using Mathematica, we were also able to check, in various
examples, that the conclusion of the theorem is still true in the case of the
quotient of 3×3 determinants. Similarly, the same happened if P and Q are
suitable linear combinations of 2 × 2 and 3 × 3 determinants, respectively.
So we believe that Theorem 7.2 can reasonably be extended to include more
general situations which involve k × k determinants. Since the amount of
computational effort required to handle these cases appear to be extremely
heavy, we find it reasonable not to include these developments in the present
work.
8. The Duality
The approach and the methods of this section were introduced in [10]. Let
G be a non-compact semisimple Lie group with the Cartan decomposition
g = k + p of the Lie algebra of G where k is the Lie algebra of a maximal
compact subgroup K. Let GC denote the complexification of G and U be
the compact subgroup of GC with Lie algebra u = k + ip. Let GC and its
subgroups be equipped with a left-invariant semi-Riemannian metric which
is a multiple of the Killing form by a negative constant. Then the subgroup
U of GC is Riemannian and G is semi-Riemannian.
Let f : W → C be a real analytic function from an open subset W of
G. Then f extends uniquely to a holomorphic function fC : WC → C from
some open subsetWC of GC. By restricting this to U ∩WC we obtain a real
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analytic function f∗ : W ∗ → C on some open subset W ∗ of U . The function
f∗ is called the dual function of f .
Theorem 8.1 (Duality principle). A complex-valued function f : W → C is
proper r-harmonic if and only if its dual f∗ : W ∗ → C is proper r-harmonic.
Proof. It is sufficient to show that
τ(f∗) = −(τ(f))∗. (8.1)
Let the left-invariant vector fields X1, . . . ,Xn ∈ p form a global orthonormal
frame for the distribution generated by p and similarly Y1, . . . , Ym ∈ k form
a global orthonormal frame for the distribution generated by k. Now, we
compute separately both sides of (8.1). According to the semi-Riemannian
version of (3.3), we have
τ(f) = −
m∑
k=1
Y 2k (f) +
n∑
k=1
X2k(f).
Next,
[τ(f)]∗ = −
m∑
k=1
[Y 2k (f)]
∗ +
n∑
k=1
[X2k (f)]
∗
= −
m∑
k=1
(
[Y 2k (f)]
C
) ∣∣∣
U
+
n∑
k=1
(
[X2k (f)]
C
) ∣∣∣
U
= −
m∑
k=1
(
[Yk(Yk(f))
C)]
) ∣∣∣
U
+
n∑
k=1
(
[Xk(Xk(f))
C)]
) ∣∣∣
U
= −
m∑
k=1
(
[Yk(Yk(f
C))]
) ∣∣∣
U
+
n∑
k=1
(
[Xk(Xk(f
C))]
) ∣∣∣
U
= −
m∑
k=1
(
Y 2k (f
C)
) ∣∣∣
U
+
n∑
k=1
(
X2k(f
C)
) ∣∣∣
U
. (8.2)
On the other hand, the holomorphicity of fC implies
τ(f∗) =
m∑
k=1
[Y 2k (f
∗)] +
n∑
k=1
[(iXk)
2(f∗)]
=
m∑
k=1
[Y 2k (f
C
∣∣∣
U
)] +
n∑
k=1
[(iXk)
2(fC
∣∣∣
U
)]
=
m∑
k=1
(
Y 2k (f
C)
) ∣∣∣
U
−
n∑
k=1
(
X2k(f
C)
) ∣∣∣
U
. (8.3)
Finally, comparing (8.2) and (8.3) we obtain (8.1). 
Remark 8.2. We point out that a function f : W → C is K-invariant if
and only if its dual f∗ : W ∗ → C is K-invariant. In particular, the duality
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principle of Theorem 8.1 is valid for the corresponding functions on the
quotient spaces.
Example 8.3. Let f∗ : W ∗ ⊂ SO(4) → C be the complex-valued function
defined locally on SO(4) by
f∗ : x 7→ p1x11 + p2x21 + p3x31 + p4x41
q1x11 + q2x21 + q3x31 + q4x41
,
where p, q ∈ C4 are linearly independent, (q, q) = 0 and (p, q) 6= 0. Ac-
cording to Theorem 4.2, we know that f∗ : W ∗ → C is proper biharmonic.
According to Example 7.2 in [10], the dual function f : W ⊂ SO(1, 3) → C
is given by
f : x 7→ p1x11 + p2(−ix21) + p3(−ix31) + p4(−ix41)
q1x11 + q2(−ix21) + q3(−ix31) + q4(−ix41) .
The duality principle of Theorem 8.1 tells us that f is also proper bihar-
monic. The functions f and f∗ are both SO(3)-invariant so, by Remark 8.2,
they induce biharmonic functions h : U ⊂ H3 → C and h∗ : U∗ ⊂ S3 → C
on the quotient spaces of left cosets
H
3 = SO(1, 3)/SO(3) and S3 = SO(4)/SO(3).
It is worth to point out that, by means of this construction, we produced
an equivalent description of the proper biharmonic functions given in Ex-
amples 2.3 and 2.4 and obtained a geometric relationship between the two
families of examples.
Appendix A.
The complex general linear group GLn(C) is an open subset of C
n×n ∼=
C
n2 and inherits its standard complex structure. As before, let zij with
1 ≤ i, j ≤ n denote the matrix coefficients of a generic element z ∈ GLn(C).
Let G be a Lie subgroup of GLn(C), F : U → C be a holomorphic function
defined on an open subset of GLn(C) and f : U ∩G→ C be the restriction
of F to G.
Following Lemma 3.2 of [7], we can use (3.1), (3.2) and (3.3) to compute
the tension field of f
τ(f) =
∑
1≤i,j,k,ℓ≤n
∂2f
∂zij∂zkℓ
κ(zij , zkℓ) +
∑
1≤i,j≤n
∂f
∂zij
τ(zij) . (A.1)
Example A.1. For the unitary group U(n) we can utilize Lemma 4.1 to
make formula (A.1) more explicit
τ(f) = −
∑
1≤i,j,k,ℓ≤n
∂2f
∂zij∂zkℓ
zkj ziℓ − n
∑
1≤i,j≤n
∂f
∂zij
zij .
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It can be shown that in this case the bitension field satisfies
τ2(f) = −
n∑
i,j,k,ℓ,α,β,γ,δ=1
∂4f
∂zij∂zkℓ∂zαβ∂zγδ
ziℓzkjzαδzγβ
−
n∑
i,j,k,ℓ,α,β=1
∂3f
∂zij∂zkℓ∂zαβ
[2zkjzαℓziβ + 2ziℓzαjzkβ
+ n zijzαℓzkβ + n ziℓzkjzαβ ]
−
n∑
i,j,k,ℓ=1
∂2f
∂zij∂zkℓ
[(n2 + 2)zijzkℓ + 4n ziℓzkj]
− n2
n∑
i,j=1
∂f
∂zij
zij .
Example A.2. For the special orthogonal group SO(n), Lemma 5.1 gives
to the following version of (A.1)
τ(f) = −1
2
∑
1≤i,j,k,ℓ≤n
∂2f
∂xij∂xkℓ
xkj xiℓ
+
1
2
∑
1≤i,j≤n
∂2f
∂x2ij
− (n− 1)
2
∑
1≤i,j≤n
∂f
∂xij
xij .
It is our hope that the ideas presented in this appendix will be helpful for
carrying out computer calculations in the spirit of Remark 7.4 above.
References
[1] P. Baird, J.C. Wood, Harmonic morphisms between Riemannian manifolds, The Lon-
don Mathematical Society Monographs 29, Oxford University Press (2003).
[2] L. Be´rard-Bergery, Sur certaines fibrations d’espaces homoge`nes riemanniens, Com-
positio Math. 30 (1975), 43-61.
[3] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete
(3) 10, Springer-Verlag (1987).
[4] R. Caddeo, Riemannian manifolds on which the distance function is biharmonic,
Rend. Sem. Mat. Univ. Politec. Torino 40 (1982), 93–101.
[5] B. Fuglede, Harmonic morphisms between semi-Riemannian manifolds, Ann. Acad.
Sci. Fenn. Math. 21 (1996), 31-50.
[6] S. Gudmundsson, The Bibliography of Harmonic Morphisms, www.matematik.lu.se/
matematiklu/personal/sigma/harmonic/bibliography.html
[7] S. Gudmundsson, Non-holomorphic harmonic morphisms from Ka¨hler manifolds,
Manuscripta Math. 85 (1994), 67-78.
[8] S. Gudmundsson, Minimal submanifolds of hyperbolic spaces via harmonic mor-
phisms, Geom. Dedicata 62 (1996), 269-279.
[9] S. Gudmundsson, A. Sakovich, Harmonic morphisms from the classical compact
semisimple Lie groups, Ann. Global Anal. Geom. 33 (2008), 343-356.
[10] S. Gudmundsson and M. Svensson, Harmonic morphisms from the Grassmannians
and their non-compact duals, Ann. Global Anal. Geom. 30 (2006), 313-333.
22 SIGMUNDUR GUDMUNDSSON, STEFANO MONTALDO AND ANDREA RATTO
[11] S. Gudmundsson, M. Svensson, M. Ville, Complete minimal submanifolds of compact
Lie groups, Math. Z. 282 (2016), 993-1005.
[12] A. Knapp, Lie Groups Beyond an Introduction, Progress in Mathematics 140,
Birkha¨user (2002).
[13] E. Loubeau, Y.-L. Ou, Biharmonic maps and morphisms from conformal mappings,
Tohoku Math. J. 62 (2010), 55-73.
[14] Y.-L. Ou, p-Harmonic morphisms, biharmonic morphisms and nonharmonic bihar-
monic maps, J. Geom. Phys. 56 (2006), 358-374.
Mathematics, Faculty of Science, University of Lund, Box 118, Lund 221,
Sweden
E-mail address: Sigmundur.Gudmundsson@math.lu.se
Universita` degli Studi di Cagliari, Dipartimento di Matematica e Informat-
ica, Via Ospedale 72, 09124 Cagliari, Italia
E-mail address: montaldo@unica.it
Universita` degli Studi di Cagliari, Dipartimento di Matematica e Informat-
ica, Viale Merello 93, 09123 Cagliari, Italia
E-mail address: rattoa@unica.it
